We report on a detailed model of an improved three mirror offaxis integrated cavity output spectroscopy (OA-ICOS) setup, which reinjects the light reflected by the optical cavity. The model simulates the impact of design parameters on instrument sensitivity and can be used for any off-axis configuration. We demonstrate the application of this model for the real-time detection of ethylene with a pulsed quantum cascade laser (QCL). The three mirror OA-ICOS scheme provides a 10 times increase in signal-to-noise ratio as compared to standard OA-ICOS, resulting in a noise equivalent absorption sensitivity of 1.5 x 10 −8 cm −1 Hz -1/2 .
Introduction
In cavity-enhanced techniques the absorption path length can be increased up to several kilometers [1, 2] , hence enhancing the sensitivity significantly. The development of off-axis integrated cavity output spectroscopy (OA-ICOS) [3] [4] [5] [6] [7] offered mechanical robustness and relatively simple alignment for field measurements [8] , being used in numerous studies during the recent years, such as isotopic studies [9, 10] and breath analysis [4, 11, 12] . The method can straightforward be implemented into practical trace-gas detection schemes, offering great versatility and selectivity, making it less technically demanding and more cost effective than other laser-based methods. A major drawback of OA-ICOS is the significantly reduced cavity transmitted power due to highly reflective mirrors, which impact on the sensitivity of the sensor. It becomes critical when low power lasers and room-temperature detectors with limited detectivity are the only suitable or available devices for the designed system.
To overcome this drawback, we reported previously on an improved three mirror OA-ICOS configuration which recycles the light into the cavity [13] . The setup consisted of a pulsed distributed feedback QCL at room temperature in combination with an OA-ICOS cell for the detection of ethylene. Light emitted from the QCL was coupled into a high finesse cavity and the spectroscopic information was extracted from a measurement of the time integrated light intensity leaking out of the cavity. Here we present a detailed model on how the optimization process can be performed to achieve optical enhancement. The influence of different re-injection parameters and their effect on the signal-to-noise ratio (SNR) are presented and compared to the experimental results of real-time detection of ethylene. Practical considerations about the use of this simulation tool for other off-axis configurations are also discussed.
Material and methods

OA-ICOS
The OA-ICOS technique has been extensively reviewed in the literature [3] [4] [5] [6] [7] [8] ; here we briefly highlight the most relevant aspects. It is a laser-based spectroscopic method developed from cavity ring down spectroscopy. The laser light is injected into a closed optical cavity of length L formed by a pair of high-reflectivity mirrors with reflectivity r. The laser beam is tuned over the molecular gas absorption feature of interest. The absorption strength of the gas inside the cavity is extracted from the time-integrated light intensity that leaks out at the rear mirror of the cavity onto the detector. In on-axis configuration, the light is only transmitted at specific wavelengths determined by the Free Spectral Range (FSR) of the cavity. If the laser light is injected off-axis into a cavity, a high number of cavity modes is excited, and the reflection spots on the mirrors either form a circle (spherical mirrors) or a Lissajous pattern (astigmatic mirrors) [14] . This reduces the FSR of the cavity proportional to the number of excited cavity modes. The angle between two adjacent spots on the mirror surface is determined solely by the geometry of the cavity. Based on the properties of the cavity, the reentrant condition can be fulfilled after only a few passes or reach extremely high values. This will result in a dense spectral mode structure of the optical cavity reducing or even cancelling strong power fluctuations as the on-axis configuration [5] . As such, OA-ICOS takes advantage of long path absorption spectroscopy without active locking to a single longitudinal cavity mode.
An additional mirror with a small entrance hole placed in front of the optical cavity reinjects the light reflected from the input mirror of the cavity. This is particularly desirable for a broad laser linewidth or an absorption cell with small diameter. In the first case, only a small portion of the light can be coupled inside a cavity mode, while in the latter configuration the cell can only slightly be aligned off-axis, thereby reducing the coupling to the cavity resonances and the optical noise only minimally. The absorption signal and the performance of the system can be significantly enhanced depending on various parameters of the re-injection mirror, most importantly the entrance position, the angle and its distance to the cavity. In addition, the optical power transmission of the complete system is improved, thereby counteracting the low detectivity of the detector.
Re-injection model
To simulate the effect of the re-injection mirror on the transmission power of the system we used a ray trace approach through all three mirrors with identical properties, varying the initial position (x, y), the incoming angle (α x , α y ) and the distance d between the re-injection mirror and the first cavity mirror. The model used in [13] was enhanced by means of a thick lens approach and corrected the matrices for astigmatism of the mirrors [15] . The incoming laser beam was modeled by a ring of smaller beams which cover its cross-sectional surface with a waist ω 0 in the center of the cavity. We used the following notation to model the ray trace: s was the vector containing the position and angle of the set of beams in x-and y-direction, T(d) translated the beam over a distance d, T(R i ) reflected the beam off a mirror i with radius of curvature R and T(n) acted as a refraction surface with curvature R and refractive index n. The relations between the different parameters are shown in Fig. 1(a) , while the steps of the calculations for this model are visualized in Fig. 1(b) . Starting at the re-injection mirror with coordinates (x, α x , y, α y ), we first translated the beam towards the cavity entrance mirror by
The beam then refracted on the front surface of the entrance mirror, propagated through its thickness t and refracted again, according to
For each beam which entered the cavity the ray trace recursively calculated its path through the cavity until it either fulfilled the reentrant condition or hit the walls of the cavity. A cavity round trip was calculated using
where L is the cavity length and R 2 and R 3 are the radii of curvature of the first and second cavity mirror, respectively. The number of round trips m inside of the cavity was calculated according to m2θ = q2π, where q is an integer, m the number of round trips inside of the cavity and 2θ the angle between two adjacent spots on the mirror surface. The subsequent reflections and refractions occurring after the first cavity transmission were calculated by
with R 1 the radius of curvature of the re-injection mirror. The minus sign in T(-R 2 ) occurs due to the fact that the beam reflects off the back side of a concave mirror. To determine how many re-injections, n, occurred between these two mirrors, this calculation ran recursively until the beam either exited through the entrance hole or did not enter the cavity. The corresponding calculation of the enhancement ratio in power as a function of round trips has been previously described [13] . Note that only the power enhancement was calculated, as the optical noise may increase due to increased laser noise or etalon effects. 
Experimental setup
The experimental setup is shown in Fig. 1 (c) and has been described in detail elsewhere [13] .
A pulsed QCL with a center frequency of 965 cm −1 (Alpes Laser) at room temperature was used for ethylene detection. The laser emitted 30 ns pulses with a repetition rate of 1 MHz with an average power of 10 mW. To scan over the ethylene absorption line we applied a bias current ramp of 7 kHz to the laser at sub-threshold level while maintaining the pulse height.
With the help of a focusing lens (ZnSe, diameter 25.4 mm, f = 30 cm) the laser light was injected into the high finesse cavity formed by two spherical mirrors (ZnSe, diameter 50.8 mm, R = 50 cm) with a reflectivity of r = 99.6% at 10.3 μm (II-VI Infrared) and a refractive index of n = 2.4. The cavity consisted of a vacuum-tight aluminum tube of 30 cm length (cell volume 0.6 l, free spectral range of 500 MHz) mounted on two micrometer XY-translation stages for precise alignment. The mechanical movement of the translation stages was converted into an angular shift of the cavity, which was measured using a digital spirit level. The third mirror was mounted parallel to the cavity and on its axis. A parabolic mirror behind the cell (f = 10 cm) collected the light and a lens (ZnSe, f = 5 cm) focused it onto the thermoelectrically cooled detector (VIGO PVI-4TE-10.6, 100 MHz bandwidth, D* = 7.3 · 10 9 cm Hz 1/2 W −1 ). The signal from the detector was amplified by 40 dB (Femto DLPVA-100-BLN-S) and low-pass filtered at 100 kHz. All data were sampled on a digital acquisition card (NI PCI-6259) and analyzed with a Lab VIEW program.
Results
The model considers only entrance points on the re-injection mirror such that x = y starting from ρ = 0 to the maximum of ρ = 24 mm with 2 2 2 = x ρ y + for constant R, L, ω 0 and r for all mirrors. Due to symmetry, only entrance points in the positive quarter of the entrance mirror needed to be considered. A measured beam waist of ω 0 = 0.21 mm at the center of the cavity was used as input for the model. We simulated the angular distribution of the transmission power as a function of off-axis radius ρ and the ratio d/R for an initial laser power of 1 mW. For ρ = 24 mm in the case of no re-injection, two symmetrical plateaus for the highest power are formed around 1° in x-and 4° in y-direction and vice versa in Fig. 2(a) , where the color indicates the transmission power. For angles around 0°, the transmission power drops as the light travels in a straight line inside the cavity with only a few reflections. The transmission with re-injection mirror for d/R = 0.2 was 28 times higher than without, only achieved in a small range around the same angles as in panel (a). The sets of angles for maximum transmission differed for all ρ and d/R, where the most insensitive case was a ρ = 6 mm and d/R = 0.1 and the most sensitive for ρ = 24 mm and d/R = 1. To verify the enhancement effect of the re-injection mirror, the SNR ratio of the ethylene absorption peak has been measured in the absence and presence of the re-injection mirror. The distance d between the re-injection mirror and the cavity was varied in steps of 5 cm from 5 cm (d/R = 0.1) to 50 cm (d/R = 1) with a fixed R = 50 cm. At each ρ all three mirrors were optimized according to the simulated data to yield the maximum transmission. The ratio of the measured SNR's in Fig. 3(a) (symbols, left axis) decreased with larger d/R and increased with larger radius and agree largely with the corresponding calculated transmission powers (dashed lines, right axis). A ratio of 10 in SNR before and after re-injection was achieved for d/R = 0.2 for the largest radius ρ = 24 mm, which corresponds to a simulated power ratio of 28. The decrease in SNR in all curves occurred due to the presence of etalons. In Fig. 3(b) simulated data for effect of the reflectivity of the re-injection mirror on the power enhancement is shown for different d/R at a fixed radius of ρ = 24 mm. Until a reflectivity of 30% the power ratio shows no significant difference. At 70% reflectivity the power ratio amounts to 4 for both d/R = 0.2 and d/R = 0.3. The highest ratio of 29 was calculated for d/R = 0.2 and r = 99.8%. In order to demonstrate the improved sensitivity using re-injection, we measured the spectrum of 200 ppbv ethylene at 100 mbar with and without re-injection with optimal settings. The result is shown in Fig. 4(a) , showing an increase in SNR of one magnitude. We estimated the stability of the system over time by calculating the Allan deviation [16] . In Fig.  4 (b) the detection limit of the QCL-based sensor is shown for both the optimum three mirror configuration and to the regular scheme without re-injection. The detection limit for the latter was 1033 ppbv of ethylene for 1 s averaging (3σ-value) and reached the minimum value of 183 ppbv in 128 s. Using light re-injection technique, a detection limit of 18 ppbv in 32 s was achieved, which translates to a noise equivalent absorption sensitivity of 1.5 x 10 −8 cm −1 Hz -1/2 . This represents an enhancement by a factor 10, in agreement with the improvement in SNR. The number of re-injections can be further increased using differently shaped mirrors (e.g. astigmatic mirrors), before the optical beam exits the hole in the re-injection mirror.
Discussion
An off-axis system should be optimized before applying the re-injecting technique [17] , as the optical enhancement may also increase the optical noise and subsequently reducing the SNR. For example, spurious resonant couplings that produce optical noise increase when beams overlap in the optical cavity, as shown in Fig. 3(a) , and the light might be partially lost when focusing on the detector. The noise-related factors have been excluded from the simulation, as the purpose of this work was to provide a fast and reliable prediction tool for the optimum performance of an enhanced spectrometer. These effects can be minimized by changing other parameters of the setup than the simulated ones. In our case, the scanning speed was increased from 4 kHz as in the previous experiment [13] to 7 kHz.
The re-injection model presented here can predict the sensitivity enhancement of an existing system with one additional mirror compared to standard OA-ICOS and it can readily be applied to any off-axis configuration. Two routes can be exploited: (1) existing setups can be improved based on their fixed parameters (i.e. laser power, cavity length, mirror reflectivity, etc.) or (2) new systems may be designed for an enhanced scheme depending on the user's requests to gain maximum transmission efficiency. Moreover, using our experimental system as reference, a theoretical prediction of the expected sensitivity and the corresponding optimum conditions can be obtained. Compared to standard OA-ICOS, although the angular dependency was more critical in the enhanced configuration, shown in Fig. 2 , the technique preserved the robustness and rather simple alignment, thus ensuring its practicality for field measurements. Potentially, different setups than the one presented here might provide an even higher enhancement.
Conclusion
We have demonstrated a versatile simulation tool of an improved three mirror OA-ICOS instrument, which re-injects the light reflected by an optical cavity, and have shown good agreement with experimental results with a QCL at 965 cm −1 for the detection of ethylene. In particular, we optimized the distance between the cavity and the third mirror with respect to the off-axis radius of the cavity and achieved a gain a factor 10 in SNR. Furthermore, our enhanced OA-ICOS system provides real-time measurements of ethylene with a high finesse cavity yielding 18 ppbv in 32 s averaging time, which is equal to a noise equivalent absorption sensitivity of ~1.5 x 10 −8 cm −1 Hz -1/2 .
